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Abstract — This paper considers the problem of tracking
a target using measurements where the temporal informa-
tion is noisy or unreliable. The measurements are modelled
as being received with a stochastic time delay. By treat-
ing the true measurement time as missing data and using
Expectation-Maximisation, a modified version of the Proba-
bilistic Multi Hypothesis Tracker (PMHT) is derived for the
uncertain timing problem. This modified PMHT thus asso-
ciates each measurement to the targets and to time instants.
The method is demonstrated using simulations and the im-
provement quantified over using the standard PMHT in ig-
norance of the noisy time data.
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1 Introduction

The role of a tracking filter is to perform recursive target
state estimation given a set of noisy position measurements
collected at known times. It is customary to assume that
there is no error in the timing information, and this assump-
tion is reasonable for the case of a single electro-magnetic
sensor. In such a case, the propagation delay from sensor to
target and back is negligible and the tracker is situated at the
sensor, so it may know the sensor clock. However, for other
situations, such as distributed sensing, the timing informa-
tion may not be so reliable. As the trend for sensor networks
heads towards the usage of low cost sensors such as motes
and other low bandwidth devices, this time uncertainty error
will need to be accounted for.

Relatively little work has been done in the area of esti-
mation with uncertain timing information. Li and Leung
considered a fixed timing bias in the context of sensor regis-
tration [1]. Their algorithm used Expectation-Maximisation
(EM) [2] to estimate time, range and azimuthal bias parame-
ters. Morelande [3] considered a problem where some mea-
surements have accurate time information, but others do not.
He used the accurate time information to estimate the pa-
rameters of the unreliable time-stamps via a particle filter.
Orguner and Gustafsson [4, 5] considered a problem where

the propagation delay was significant and thus incurred tim-
ing errors that were a function of the target state. Both of the
tracking methods above extended the state vector in order to
estimate the delay and hence improve tracking.

This paper uses EM, in the guise of the Probabilistic
Multi-Hypothesis Tracker (PMHT) of Streit and Luginbuhl
[6], to estimate target trajectories when the measurement
time is not known reliably. The PMHT is a data associa-
tion algorithm derived from the application of the EM al-
gorithm to target tracking. The PMHT uses EM to model
the assignment of measurements to targets as hidden vari-
ables and estimates target states by taking the expectation
over the assignments. The advantage of the PMHT over
other conventional data association techniques is that it has
linear complexity in the number of targets, the number of
measurements per frame, and in the number of frames. In
contrast, other data association methods incur a complex-
ity that grows with the number of permutations of measure-
ments and targets within a frame and then exponentially with
time.

The PMHT performs data association by introducing an
assignment index that is an unobserved variable and then
marginalising over it via EM. This paper extends this model
by introducing another assignment index that identifies the
true time at which a measurement was collected. Again,
this index is unobserved and the EM method is used to
marginalise over it. The result is a set of weights that prob-
abilistically associate each measurement with both tracks
and time slots. It is shown that the resulting EM auxiliary
function is equivalent to a problem with known observation
times and known measurement origin using synthetic mea-
surements and a modified measurement function.

2 Problem Formulation

Assume that there is a sensor that is tracking M targets. At
discrete scans, it collects observations, some of which are
due to the targets, and some of which are false alarms, re-
ferred to as clutter. Let the total number of observations be
N and the number of scans be T'.

Let the state of target m at time ¢ be denoted z}", and let



X" denote the set of all states for target m, i.e. X" =
{z{*} for t = 1...T. Similarly, let the set of all states
across the targets be denoted by X = {X™}.

It is assumed that the prior distribution of the state of each
target is known and is given by " (z{") for target m. The
target dynamics are also assumed to be known and can be
described by the evolution probability density function (pdf)
o (" i)

Let the nth measurement received by the sensor be de-
noted by z,. Each measurement consists of a state com-
ponent, z7, and a timestamp, z;,, both of which are noisy
observations.

Let the true source of measurement n be k,, € 0... M,
where k,, = 0 means that the measurement is a false alarm
and k,, = m implies that measurement n is an observation
of target m. Let the true collection time of measurement
nbe 7, € 1...T. Both of these are, of course, unknown
and are treated as random variables with priors 7% and 77,
respectively. These prior distributions are also unknown.

Let Z denote the set of all measurements, X denote the
set of all measurement-to-platform assignments and 7 de-
note the set of all measurement-to-time assignments. Sim-
ilarly, TI* and II” denote the collection of track and time
assignment priors respectively.

The sensor observation process is described by a known
measurement pdf that is denoted as (*(z¥|x}"), where m =
k, and t = 7,,. In general PMHT is capable of handling a
time and target dependent measurement function, but here
we choose to assume a constant one for notational clarity.

Similarly, the timing error has a known probability mass
function (pmf) that is denoted as (" (27 |7,,)

3 PMHT for tracking with timing un-

certainty

PMHT is based on the application of EM to multi-target data
association. The major advantage of using PMHT is that the
computational complexity increases linearly with the num-
ber of targets, measurements and time steps unlike other as-
sociation algorithms which can grow exponentially. This
allows the algorithm to be implemented without approxima-
tion and allows for efficient smoothing over time batches
when the application requires.

The PMHT algorithm is a method for finding the best es-
timate of the target states, X, when the measurement source
K is unknown. It does this by treating the assignments as
missing data using EM. The state estimate is derived itera-
tively by maximising an auxiliary function

Q (X1X()) =3P (KIX(i), 2) 1og P(X, K, 2), (1)
K

where ¢ is an iteration index. Upon convergence, the al-
gorithm’s output is the state estimate. This auxiliary func-
tion Q(.) can be maximised using any appropriate estima-
tor. It can be shown that the auxiliary function is equivalent
to the log-likelihood of a known assignment problem with

synthetic measurements determined by the expectation step
[6]. Thus for linear Gaussian cases, the Kalman filter may
be used to solve the equivalent problem. For nonlinear prob-
lems such as tracking with range and bearing measurements,
a nonlinear filter must be used, such as an Extended Kalman
Filter or a particle filter.

For clarity, the abbreviation PMHT will be used to re-
fer to the standard PMHT algorithm, i.e. tracking assum-
ing perfect timing information. The abbreviation PMHT-t
will be used to refer to the modified PMHT that is capa-
ble of compensating for unreliable timing information. The
derivation of the PMHT-t is similar to the standard PMHT
derivation presented in detail in [6] and [7]; the difference is
the inclusion of the extra hidden variable 7 and the extended
measurement function 7 (27 |7,,).

In EM terminology, the complete data are (X, 7, K, Z),
the incomplete data are (X, Z), and (7, K) are the missing
data. The auxiliary function is the expectation of the com-
plete data log-likelihood over the missing data, which now
takes the form:

Q(X, 1™, IT*|X (4), 1T (4), T1* (i)
=YY P(r,K|X(i), Z)log P(X, 7, K, Z), (2)
K T

where the summation is over all permutations of the assign-
ment variables 7 and K.

For compactness, let

Y ()= XNIZZN_E(-), 3)

n,t,m n=1t=1m=1

i.e. a sum over all of the measurements at each time and
from each sensor.

Due to the independence assumptions, the complete data
likelihood becomes:

P(X,1,K,Z) = P(X)P(r;II")P(K;1I*)P(Z| X, T, K),

“)
where
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n=1
N
P(Z|X, 7. K) =[] ¢* (exla%r) ¢ (25 1mn) ®)
n=1
The conditional probability of the missing data,



P(1,K|X, Z), can be determined using Bayes’ Rule:

P(r,K|X,2)
P(X,7,K,Z)
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Thus the conditional probability of the assignments is
given by the product of individual per measurement weights.
Each weight, wy,¢,, is the normalised likelihood of the nth
measurement from target m at time ¢. The numerator of the
weight is simply the product of the assignment priors, the
positional measurement likelihood and the temporal mea-
surement likelihood.

Combining the two equations (4) and (9) leads to the aux-
iliary function to be maximised:

20| 7n)

)

Q(X, I, 11F| X (4), 1T
log P(X

7 (i), 117 (i)
+ Z Wpem log ), + Z Wrtm logﬂ,’fm

n,t,m

+ Z Whem 10g ¢* (25 |77") +

n,t,m

Qx + QL+ Qk + Q-

n,t,m
> Waim log (7 (27 [t)
n,t,m

(10)

The term Q- in (10) is given by

QT = Z Wntm 10g CT(Z:L“)

n,t,m

and is constant so it has no influence on the optimisation.
The term Q7T in (10) is given by

T — T
Ql‘[ = § Wntm IOg Tnts

n,t,m

and is similar to that of the standard multi-sensor PMHT [8].
It is maximised subject to the constraint that >, 77, = 1
using a Lagrangian, resulting in the updated prior estimate

§ wntmv

i (i+1) = (11)

i.e. the weights’ relative frequency for time ¢.
Similarly, the Q¥ term results in a relative frequency es-
timate for the locale to platform assignment prior

T
= § Wntm -
t=1

The remaining term, @) x, couples the target states and the
measurements and is given by

Z Wntm 10g ¢ (zn|z7").

n,t,m

(12)

Qx =logP(X) + (13)

If the measurement function is Gaussian, it can be shown
that this function is equivalent to the log likelihood of a
tracking problem with known data association [9]. Intu-
itively, if (*(z,|z}") is Gaussian, then the summation in
(13) is a linear combination of quadratics, which is itself
a quadratic. This allows us to write (13) as

Qx =log P(X) + Y log (F(F"|=),  (14)
t,m
where the synthetic measurement, z;", is given by
N
g = > Wnimzn, (15)

N
Zn:l Wntm p=1

and the synthetic measurement function, ¢ (+), is a Gaussian
pdf with the same mean as the true measurement function
and a variance that is a scaled version of the sensor mea-
surement variance, R,

1

DM
R; -~
an 1 Wntm

R. (16)

The track for target m is now refined by smoothing the
synthetic measurements and covariances.

The PMHT-t consists of iteratively calculating assignment
weights, w,s,, and estimating the target tracks and assign-
ment priors until convergence. For a linear Gaussian prob-
lem this amounts to:

1. Initialise target state estimates, measurement-to-track
assignment priors and measurement-to-time assign-
ment priors.

2. Calculate the assignment weight for each measurement
and track at each scan, according to (9).

3. Update the assignment priors using (11) and (12).

4. Determine synthetic measurements and covariances for
each target at each scan using (15) and (16).

5. Update the target state estimates using a Kalman
smoothing algorithm over the synthetic measurements
and covariances.

6. repeat steps 2 to 5 until convergence.



4 Performance Analysis

The use of PMHT for tracking with time uncertainty is
now illustrated through simulation. In the simulations, we
assumed there a Cartesian sensor observing targets in the
plane. The moving targets had a state vector consisting of 2-
D position and velocity. For each scenario, 7 = 100 scans
were simulated.

The target states were assumed to follow an almost-
constant-velocity model independently in X and Y. Thus the
state evolution process was defined by

i |t y) = N (2 Fal, Q)

(7

where N (t; i, ) is a multivariate Gaussian,

F:[% 132] with FQ:H ”
and
Q:lo—g[Q2 0] with Qz{% é}
0 QQ 2 5 1 )

The positional measurement function of the sensor was
linear and Gaussian,

. |1 0 00 PP
w1thH_[O 01 0 and R =10"~1.

The time measurement model of the sensor was a stochas-
tic delay: a measurement cannot be received before the true
collection time, i.e. 7, < 27, and the delay probability de-
cays exponentially:

o 0 2] < Tp,

) 19
p(l— )= g, )

Thus zero delay occurs with probability p and the mean de-
lay is (1 — p)/p.

The sensor was assumed to have a constant probability
of detection, P;. The number of false alarms was Poisson
distributed with mean p false alarms per scan, and the false
alarms with uniformly distributed in space.

The measurement-to-track assignment prior was ini-
tialised with

m =0, (20)
P, m > 0,

. p+e

T (0) = {
where ¢ is a small constant used to ensure good conditioning
for very low clutter densities. This initialisation is not nor-
malised, but due to the ratio in the weight calculation (9),
the scale factor cancels out and has no effect.

A sliding batch with T" = 10 was run over the measure-
ments and the measurement-to-time assignment prior was
initialised with

7"{- =

1
= @1

Two measures of performance were used to quantify the
quality of the track output. Firstly, the fraction of misasso-
ciated tracks was determined, where a missassociated track
was defined as one that did not remain within a prescribed
circular gate of the true target location for the whole sce-
nario duration. For example, a track that swaps from one
target to another was classed as misassociated, or one that
diverged from the target path due to clutter. Secondly, the 2-
D RMS position and velocity estimation errors were deter-
mined. Misassociated tracks were not included in the error
calculation.

Two scenarios are presented here. In the first scenario,
there were four targets travelling with constant-velocity mo-
tion as illustrated in figure 1. Figure 1(a) shows the mea-
surements that the targets produce with a P; of 0.9 and no
clutter (p = 0). The coloured boxes show the target initial
locations. Two of the targets had clear paths, not close to
the others, but two remaining two targets crossed part way
through the scenario.

Figures 1(b) and (c) show the tracks resulting from run-
ning the PMHT-t and the standard PMHT respectively.
In this particular example, due to the timing uncertainty,
the standard PMHT has misassociated the crossing targets
whereas the PMHT-t has tracked the targets correctly.

The second simulation scenario involved a single target
performing a manoeuvre. The target initially travelled East
with constant velocity before performing a coordinated turn
manoeuvre with constant turn rate and then travelling West,
again with constant velocity. Figure 2a shows the measure-
ments that this target trajectory produces with a P; of 0.9
and no clutter (p = 0).

Figures 2(b) and (c¢) show the results from running
PMHT-t and the standard PMHT respectively. In this par-
ticular case, the standard PMHT has not been able to follow
the manoeuvre due to the time errors and has broken track
whereas the PMHT-t has been able to track the target.

Monte Carlo simulations of the above scenarios were per-
formed, and the number of misassociated tracks and RMS
in position and velocity was averaged over 100 trials for dif-
ferent timing delay parameters, p. The results for scenario
one and two are in Table 1 and Table 2 respectively. In order
to test the sensitivity of the PMHT-t to the mismatch in the
timing delay pmf, two versions of PMHT-t were tested. In
one, a fixed value of p’ = 0.7 was used, while the true p
used to generate data was varied. In the second, the PMHT-t
was provided with the true parameter value.

Both table 1 and table 2 show that in the case where p = 1,
the PMHT and the PMHT-t give the same results. In this
case, there is no timing error. As the value of p decreases,
there is a higher probability of time delay error in the mea-
surements and the targets are more difficult to track. As ev-
ident in Table 1, the RMS error for the standard PMHT is
slightly greater than that of the PMHT-t. There are also less
misassociated tracks with the PMHT-t.

For the straight-line scenario, there was very little differ-
ence in performance. This was not the case for the turn sce-
nario, as shown in Table 2. In this scenario, when there was
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Table 1: Scenario 1 Monte Carlo RMS results

p 1.0 | 0.7 0.5 0.3
av. delay 0 0.4 1 2.3
Position RMS
PMHT 0.09 | 0.21 | 0.16 | 0.27
PMHT-t 0.09 | 0.11 | 0.14 | 0.23
PMHT-t (p = 0.7) | 0.09 | 0.11 | 0.14 | 0.23
Velocity RMS
PMHT 0.02 | 0.03 | 0.04 | 0.07
PMHT-t 0.02 | 0.03 | 0.03 | 0.05
PMHT-t (p =0.7) | 0.02 | 0.03 | 0.03 | 0.05
Misassociated
PMHT 0 0.01 | 0.03 | 0.06
PMHT-t 0 0.01 | 0.02 | 0.04
PMHT-t (p = 0.7) 0 0.01 | 0.02 | 0.04

Table 2: Scenario 2 Monte Carlo RMS results

P 1.0 | 0.7 | 05 0.3
av. delay 0 0.4 1 23
Position RMS
PMHT 0.34 | 0.73 | 0.86 | 1.18
PMHT-t 0.34 | 0.24 | 0.35 | 0.57
PMHT-t (p = 0.7) | 0.17 | 0.24 | 0.35 | 0.56
Velocity RMS
PMHT 0.08 | 0.22 | 0.25 | 0.31
PMHT-t 0.08 | 0.06 | 0.07 | 0.09
PMHT-t (p =0.7) | 0.05 | 0.06 | 0.07 | 0.09
Misassociated
PMHT 0 0.32 | 041 | 0.51
PMHT-t 0 0 0 0
PMHT-t (p = 0.7) 0 0 0 0

significant timing error, the standard PMHT had much more
difficulty following the target manoeuvre. This is evident
both in the RMS error and the number of misassociations.
In contrast, the PMHT-t managed to track the target through
the manoeuver throughout all the trials.

Interestingly, in the case where p = 1, the PMHT-t
with an incorrectly assumed p’ = 0.7 was found to have
a lower RMS error on the turning scenario. In this case, the
algorithm has a mechanism for dealing with outlier mea-
surements that reduces their impact on the tracking perfor-
mance. When there was non-zero timing error, the mis-
matched PMHT-t gave almost identical performance to the
matched PMHT-t. This indicates that the algorithm is robust
to errors in the timing measurement function. It appears that
the precise shape of the assumed time measurement pmf is
not highly important provided that it gives support over the
region where the true function has significant mass.

5 Conclusion

This paper has introduced a method of using PMHT to per-
form target tracking for the situation where the temporal in-
formation is noisy or unreliable. The key idea is to use the
PMHT to associate measurements to time instants as well as
to targets by treating both assignments as missing data.

The PMHT-t association algorithm determines probabili-
ties for each pairing of measurement and target at each pos-
sible time and then estimates the target states by taking the
expectation over these assignments.

Simulation experiments were used to demonstrate the ef-
fectiveness of PMHT-t to track with measurements with time
uncertainty. This method was demonstrated with simula-
tions and improved performance was observed compared
with the standard PMHT.
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